Chapter 6

Series and Residues

6.1 Sequencesand Series

e A sequence { z,} isafunction whose

domain isthe set of positive integers and
whose range is a subset of the complex
numbers C.

(ex.) The sequence {1+i"} is

1+i, O, 1-1i, 2, 1+i,

nN=1n=2,n=3,n=4,n=5, -

e If limz, =L, wesay thesequence { z,} is

n® ¥
conver gent.
® A seguencethat is not convegent is said to be
divergent.



[ Theorem 6.1] Criterion for convergence
> A sequence { z,} convergesto acomplex

number L=a+ib if andonly if Re(z,)
convergesto Re(L)=a and Im(z,)
convergesto Im(L)=b.

e Aninfinite seriesor series of complex
numbers

¥

é Z, :21+22+Z3 +...+zn +...

k=1
IS convergent if the sequence of partial sums
{S.,}, where

S, =z+z,+2z++7,
converges.

® A geometric seriesisany series of theform

¥
é az“l=za+az+az®+---+az"t +...
k=1

The nth term of the sequence of partial sums
IS

S, =a+taz+az’ +---+az"’



zS =az+az’+az’ +---+az"
S -zS :(a+az+azz+---+az“'l)

- (az+azz+az3+---+az”)

—a- az'
1_ n
.a(7)
1-z
(i) ® 0 as n® ¥ whenever |z|<1, and
SO

n

1- z
¥
(ii) A geometric series § az* diverges
k=1

when |z|3 1.

| Theorem 6.2 ] A necessary condition for
conver gence

¥
> If § z converges, then limz, =0.

k=1 n® ¥



e An infinite series of the form
3 K 2
aalz-z) =a+a(z-z)+a(z- )+
(11)
where the coefficient a, are complex
constants, is called apower seriesin z- z,.

The complex point z, isreferred to asthe
center of the series.

e A complex power series (11) hasacircle of
conver gence, which isthe circle centered at
z, of largest radius R>0 for which (11)
converges at every point within the circle
| z- z,|<R. (Refer to Figure 6.3)
() R=0 :convergeat z=z,
(i) R: afinite positive number at all
Interior points of the circle
z- 7 |=R
(i) R=¥ :convergeforal z



6.2 Taylor Series

[ Theorem 6.6 ] Continuity
¥

> A power series § a, (z- )" representsa
k=0

continuous function f withinitscircle of
convergence |z- z,|=R.

| Theorem 6.7 ] Term-by-term
differentiation

¥
> A power series § a, (z- )" canbe
k=0
differentiated term by term within itscircle

of convergence |z- z,|=R.

[ Theorem 6.8] Term-by-term integration
¥

> A power series § a (z- z,)" canbe
k=0

Integrated term by term within its circle of
convergence |z- z,| =R, for every contour

C lying entirly within the circle of
convergence



® SUppOose a power series represents a function
f within |z- z | =R, that is,

f(2=8a(z-2) =a,+a(z- 2)+a,(z- 7))+

sz):é: ak(z- zo)k'1:1><al+2a2(z- Z,) +3a,(z- Zo)2+"
f‘"{Z):é: ak(k-1)(z- z) " =24a,+324a,(z- 7))+
f“(z):g ak(k- (k- 2)(z- z,)" =3Ra, +--

A power series represents an analytic function
within its circle of convergence.

f(z)=a

f&z)=14a,
f&z) =25,
f®z) =34,

(n)
f (zo), 130
n!

f™(z)=nla => a =

g 17(z)
f(z)=
(2) 20 m

k

(z- 2)



Thisseriesis called the Taylor seriesfor f
centered at z,.

3 f(k)(O) X

f(2) = ko "

Isreferred to asaMaclaurin series.

| Theorem 6.9] Taylor’s Theorem
» Let f beanaytic withinadomain D and
let z, beapointinD. Then, f hasthe
Series representation
¥ (k)(zo)(
K!

f(2)= a 2,)"

valid for the Iargest circle C with center at
z, and radius Rthat lies entirely within D.

e Note that the radius of convergence Risthe
distance from the center z, of the seriesto

the nearest isolated singularity of f.

e Some important Maclaurin Series

ez—1+z+22+ -
1 2 a



23 Z5 éé Z2k+1
sinz=z- —+=—-...=g3 (-1
5! =0 (2k+D)!
2 Z4 éé " ZZk
cosz=1 P ~=a (-1 Y
4 =0 (2k)

6.3 Laurent Series

e If acomplex function f falsto beanaytic
at apoint z=z, thenthispointissaidtobea
singularity or singular point of the function.

® Supposethat z=z isasingularity of a
complex function f.
The point z=z, issaidto be anisolated

singularity of the function f if there exists
some del eted neghborhood, or punctured
opendisk, 0<|z- z,|<R of z throughout
which f isanalytic.

e About anisolated singularity z=z,, itis
possibletorepresent f Dby aseries

Involving both negative and nonnegative
Integer powersof z- z;



< Laurent series expansion >

(@)=t Pt T vara(z 2)ra(z )

=a a(z- z)
k=-¥

¥

f(d=aa.z-z) +aal(z 2)
k=1 k=0

principal par\i of theseries  analytic par}[, of the series

[ Theorem 6.10 ] Laurent’s Theorem
> Let f beanayticwithinadomanD
defined by r<|z- z|<R.Then f hasthe

Series representation
f(2=a a(z-2)
k=-¥
valid for r <|z- z,|<R. The coefficients a,

are given by
1 . f(9)
= ds, k=0,+1,+2,---
A ZDiQ(S' Zo)k+1 S 1+

where C is a ssimple closed curve that lies
entirely within D and has z, in its interior.

(See Figure 6.6)



0.4 Zerosand Poles

e A number z iszeroof afunction f if
f(z)=0.

e Anisolated singularity point z=z, of a
complex function f isgivena
classification depending on whether the
principal part of its Laurent expansion
contains zero, afinite number, or an infinite
number of terms.

(1)

(1)

(iii)

If the principal part is zero, that is all
the coefficients a, arezero, then
z=1z, Iscalled aremovable
singularity.

If the principal part contains afinite
number of nonzero terms, then z=z,

Iscalled apole.
If the last nonzero coefficient is a_,
n31,then z=z isapoleof order n.

A pole of order 1 =>asimple pole.

If the principal part contains an
Infinitely many nonzero terms, then
z=1z, Iscaled an essential singularity.
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® A zero of order nisreferred to asazero of
multiplicity n.

e An analytic function f hasazero of order
nat z=z If
f(z)=0, f&z)=0, f&z)=0,....
f"9(z)=0,but f”(z)? 0.

| Theorem 6.11] Zero of order n
» A function f thatisanayticinsome disk
|z- z,|<R hasazeroof ordernat z=z, if

andonly if f canbewritten
f(2)=(z- )" (2
where f isanayticat z=z, and f(z)?! O.

[ Theorem 6.12 ] Pole of order n
» A function f analyticinapunctured disk
0<|z- z,|<R hasapoleof ordernat z=z,

If andonly if f can bewritten
f(2)
f(z)= ;
(z- )
where f Isanayticat z=z, and f(z)?! O.
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| Theorem 6.13] Pole of order n
» Iffunctions g and h areanalyticat
z=z, and h hasazeroof order nat

z=z, and g(z,)?! 0O, then the function

_9(2
f —_—
hasapoleof order nat z=z,.

6.5 Residuesand Residue Theorem
If acomplex function f hasan isolated

singularity at apoint z,then f hasa
L aurent series representation.

f(9=a a(z- 2)

e B

a a,
T rata(za)ra (2 )

whichisvalid for 0<|z- z,|<R.

e The coefficient a, of In the Laurent

Z- 4,
seriesiscaled theresdue of the function f
at the isolated singularity z,.

a,=Res(f(2),z) :Residueof f a gz
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| Theorem 6.14 ] Residue at a simple pole
» If f hasasmplepoleat z=z, then

a,=Res(f(2), z) :Iz(i®nzwo(z- z,) f(2)

| Theorem 6.15] Residue at a pole of order n
» If f hasapoleof ordernat z=z, then

a,=Res(f(2),2)= imd (2 2) f(2

(n- 1)1 2% dz"*

e An alternative method for computing a
residue at asimple pole:
Suppose afunction f canbewrittenasa
guotient f(z) = g(z) where g and h are

analyticat z=z,.
If g(z,)* 0 andif the function h has a zero
of order 1at z,then f hasasimplepole
a z=z, and

9(%)

a,=Res(f(2), z) :h_zo)
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[ Theorem 6.16 | Cauchy’sresidue theorem
» Let D beasimply connected domain and C a
simple closed contour lying entirely within

D. If afunction f isanalyticonand
within C, except at finite number of isolated
singular points z, z, ..... z, withinC,
then

@f(z)dz:Zpié Res(f(2), z,)

k=1

(Example 4) Evaluation by the residue
theorem

14



Evauate @ 1 dz, where
(z- D*(z- 3)

(@) the contour C isthe rectangle defined by
x=0, x=4, y=-1 y=1,

(b) and the contour C isthecircle | z|=2.

Solution:

(@) Sinceboth z=1 (n=2) and z=3 (n=1) are
poles within the rectangle,

7= 2p| éReS( f (Z),l) + ReS( f (Z),B)ﬂ

N 1 g
Q12 3

é1. d | 1
=2pi a—lim—(z- 1) +lim(z- 3
P &1 z®1dz( ) (z- D?(z- 3) im )(2-1)2(2-3
e 1 14
=201 5 —+—4=0
PLE 47 4

(b) Since only the pole z=1 lieswithin the
circle |z|=2, (n=2)

. 1 .
Q(z- (23 dz=2pi Res( f(2),1)

1. d 1
=2pi =lim—(z- 1)?
PN Y s




(Example 5) Evaluation by the residue
theorem

dz where the contour C is

Evauate (‘Q

the circle |z ||— .
Solution:

2 +4=(z- 2i)(z+2)
S0, the integrand has simple polesat -2i and
2i. (n=1)
Becauseonly 2i lieswithin the contour C,

. 22+6 . . :
ZZ+4dz—2p|ReS(f(z),2|)
=2pi lim(z- 2i) 2_Z+6 ,
20 2i (z- 2)(z+2)
6+4i .3+ 2
= 2pi =2pli
P! 4 g 2l

=p(3+2)

16



(Example 6) Evaluation by the residue
theorem

Z

Evauate @ dz, where the contour C is

7* +57°

thecircle | z|=2.
Solution:

z*+52° = 72°(z+5)
S0, theintegrand f(z) hasapole of order 3 at
z=0 andasimplepoleat z=-5.
Only thepole z=0 lieswithinthe given
contour (n=3) and so

Z

. € .
Qe dz=2pi Res( f (2),0)

1, d* , €
=201 —lim—7"—

2! @0 dz® Z°(z+9)
_ iIim(Zz+82+17)ez
P 2® 0 (z+5)°
_17p,
125
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(Example 7) Evaluation by the residue
theorem
Evauate @ tan zdz, where the contour C isthe

circle |z|:2.
Solution:

. sinz .
Theintegrand f(z) =tanz=—— hassimple

COSZ
poles at the pointswhere cosz=0. From

Section 4.3, the only zeros cosz aretheredl

numbers Z:(2n+1)p, n=0,+1+2 ... SInce
only % and % are within the circle | z|=2,
\ _ » Sinz . 0(2)
tanzdz=ghn—dz=@y=—=-dz
Q Qcosz (2)
. é P o p ou
=2DI 4 esaef Z), —++Resaef Z),— =,
P g 8 (2) 2% 8 (2) 2r5u”
é . e@pd . apou
éSlng' E+ S|n85+u
=2pi & 9 4 Ry ¢ Res(f(2), z,)
& gn&EPO g, e
8 & 2p 82 o
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